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1 Introduction and preliminaries
Let (X,d) be a metric space and x, y ∈ X with d(x, y) = l. A geodesic path from x to y is an
isometry c : [, l]→ X such that c() = x and c(l) = y. The image of a geodesic path is called
a geodesic segment. A metric space X is a (uniquely) geodesic space if every two points of
X are joined by only one geodesic segment. A geodesic triangle (x,x,x) in a geodesic
space X consists of three points x,x,x of X and three geodesic segments joining each
pair of vertices. A comparison triangle of a geodesic triangle (x,x,x) is the triangle
¯(x,x,x) :=(x¯, x¯, x¯) in the Euclidean space R such that
d(xi,xj) = dR (x¯i, x¯j), ∀i, j = , , .
© 2013 Chang et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
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A geodesic space X is a CAT() space if for each geodesic triangle (x,x,x) in X and
its comparison triangle ¯ :=(x¯, x¯, x¯) in R, the CAT() inequality
d(x, y)≤ dR (x¯, y¯) (.)
is satisﬁed for all x, y ∈  and x¯, y¯ ∈ ¯.
The initials of the term ‘CAT’ are in honor of Cartan, Alexanderov and Toponogov.
A CAT() space is a generalization of the Hadamard manifold, which is a simply con-
nected, complete Riemannian manifold such that the sectional curvature is nonpositive.
A thorough discussion of these spaces and their important role in various branches of
mathematics are given in [].
In this paper, we write ( – t)x ⊕ ty for the unique point z in the geodesic segment
joining from x to y such that
d(z,x) = td(x, y),d(z, y) = ( – t)d(x, y). (.)
We also denote by [x, y] the geodesic segment joining from x to y, that is, [x, y] = {(– t)x⊕
ty : t ∈ [, ]}.
A subset C of a CAT() space is convex if [x, y]⊂ C for all x, y ∈ C. For elementary facts
about CAT() spaces, we refer the readers to [] or [].
The following lemma plays an important role in our paper.
Lemma . [] A geodesic space X is a CAT() space if and only if the following inequality
holds:
d
(
( – t)x⊕ ty, z)≤ ( – t)d(x, z) + td(y, z) – t( – t)d(x, y) (.)
for all x, y, z ∈ X and all t ∈ [, ]. In particular, if x, y, z are points in a CAT() space and
t ∈ [, ], then
d
(
( – t)x⊕ ty, z)≤ ( – t)d(x, z) + td(y, z). (.)
Let (X,d) be a metric space, and let C be a nonempty subset of X. Recall that C is said
to be a retract of X if there exists a continuous map P : X → C such that Px = x, ∀x ∈ C.
A map P : X → C is said to be a retraction if P = P. If P is a retraction, then Py = y for all y
in the range of P.
A mapping T : C → C is said to be nonexpansive if
d(Tx,Ty)≤ d(x, y), ∀x, y ∈ C.
T : C → C is said to be asymptotically nonexpansive if there is a sequence {kn} ⊂ [,∞)
with kn →  such that
d
(
Tnx,Tny
)≤ knd(x, y), ∀n≥ ,x, y ∈ C.
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T : C → X is said to be an asymptotically nonexpansive nonself mapping if there is a
sequence {kn} ⊂ [,∞) with kn →  such that
d
(
T(PT)n–x,T(PT)n–y
)≤ knd(x, y), ∀n≥ ,x, y ∈ C,
where P is a nonexpansive retraction of X onto C.
T : C → C is said to be uniformly L-Lipschitzian if there exists a constant L >  such that
d
(
Tnx,Tny
)≤ Ld(x, y), ∀n≥ ,x, y ∈ C. (.)
Deﬁnition . A self-mapping T : C → C is said to be ({μn}, {νn}, ζ )-total asymptotically
nonexpansive if there exist nonnegative sequences {μn}, {νn} with μn → , νn →  and a
strictly increasing continuous function ζ : [,∞)→ [,∞) with ζ () =  such that
d
(
Tnx,Tny
)≤ d(x, y) + νnζ (d(x, y)) +μn, ∀n≥ ,x, y ∈ C. (.)
Deﬁnition . T : C → X is said to be a ({μn}, {νn}, ζ )-total asymptotically nonexpansive
nonself mapping if there exist nonnegative sequences {μn}, {νn} with μn → , νn →  and
a strictly increasing continuous function ζ : [,∞)→ [,∞) with ζ () =  such that
d
(
T(PT)n–x,T(PT)n–y
)≤ d(x, y) + νnζ (d(x, y)) +μn, ∀n≥ ,x, y ∈ C, (.)
where P is a nonexpansive retraction of X onto C.
Deﬁnition . A nonself mapping T : C → X is said to be uniformly L-Lipschitzian if
there exists a constant L >  such that
d
(
T(PT)n–x,T(PT)n–y
)≤ Ld(x, y), ∀n≥ ,x, y ∈ C, (.)
where P is a nonexpansive retraction of X onto C.
Remark . From the deﬁnitions, it is to know that each nonexpansive mapping is an
asymptotically nonexpansive mapping with a sequence {kn = }, and each asymptotically
nonexpansivemapping is a ({μn}, {νn}, ζ )-total asymptotically nonexpansivemappingwith
μn = , νn = kn – , n≥  and ζ (t) = t, t ≥ .
In , Lim [] introduced the concept of -convergence in a general metric space. In
, Kirk and Panyanak [] specialized Lim’s concept to CAT() spaces and proved that
it is very similar to the weak convergence in a Banach space setting.
Fixed point theory in aCAT() spacewas ﬁrst studied byKirk (see [, ]). He showed that
every nonexpansive mapping deﬁned on a bounded closed convex subset of a complete
CAT() space always has a ﬁxed point. Since then the existence problem of ﬁxed point
and the -convergence problem of iterative sequences to a ﬁxed point for nonexpansive
mappings, asymptotically nonexpansive mappings in a CAT() space have been rapidly
developed and many papers have appeared (see, e.g., [–]).
The purpose of this paper is ﬁrst to introduce the class of total asymptotically nonexpan-
sive nonself mappings and to prove the demiclosed principle for such mappings in CAT()
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spaces. Then, a newmixed Agarwal-O’Regan-Sahu type iterative scheme [] for approx-
imating a common ﬁxed point of two total asymptotically nonexpansive mappings and
two total asymptotically nonexpansive nonself mappings is constructed. Under suitable
conditions, some strong convergence theorems and -convergence theorems are proved
in a CAT() space. Our results extend and improve the corresponding results of Agar-
wal, O’Regan and Sahu [], Guo et al. [], Sahin [], Chang et al. [], Khan and Abbas
[], Khan et al. [], Chidume et al. [], Xu [], Chang et al. [] andmany other recent
results.
2 Demiclosed principle for total asymptotically nonexpansive nonself
mappings
Let {xn} be a bounded sequence in a CAT() space X. For x ∈ X, we set
r
(
x, {xn}
)
= lim sup
n→∞
d(x,xn).
The asymptotic radius r({xn}) of {xn} is given by
r
({xn}) = inf{r(x, {xn}) : x ∈ X}. (.)
The asymptotic radius rC({xn}) of {xn} with respect to C ⊂ X is given by
rC
({xn}) = inf{r(x, {xn}) : x ∈ C}. (.)
The asymptotic center A({xn}) of {xn} is the set
A
({xn}) = {x ∈ X : r(x, {xn}) = r({xn})}. (.)
And the asymptotic center AC({xn}) of {xn} with respect to C ⊂ X is the set
AC
({xn}) = {x ∈ C : r(x, {xn}) = rC({xn})}. (.)
Proposition . [] Let X be a complete CAT() space, let {xn} be a bounded sequence in
X and let C be a closed convex subset of X. Then
() there exists a unique point u ∈ C such that
r
(
u, {xn}
)
= inf
x∈C r
(
x, {xn}
)
;
() A({xn}) and AC({xn}) both are singleton.
Deﬁnition . [, ] Let X be a CAT() space. A sequence {xn} in X is said to -converge
to p ∈ X if p is the unique asymptotic center of {un} for each subsequence {un} of {xn}. In
this case, we write  – limn→∞ xn = p and call p the -limit of {xn}.
Lemma .
() Let X be a complete CAT() space, let C be a closed convex subset of X . If {xn} is a
bounded sequence in C, then the asymptotic center of {xn} is in C [];
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() Every bounded sequence in a complete CAT() space always has a -convergent
subsequence [].
Remark . Let X be a CAT() space and let C be a closed convex subset of X. Let {xn}
be a bounded sequence in C. In what follows, we denote it by
{xn} ⇀ w ⇔ (w) = infx∈C(x), (.)
where (x) := lim supn→∞ d(xn,x).
Now we give a connection between the ‘⇀’ convergence and -convergence.
Proposition . Let X be a CAT() space, let C be a closed convex subset of X and let {xn}
be a bounded sequence in C. Then  – limn→∞ xn = p implies that {xn} ⇀ p.
Proof In fact, if  – limn→∞ xn = p, then it follows from Lemma . that p ∈ C. Since
A({xn}) = {p}, we have r({xn}) = r(p, {xn}). This implies that (p) = infy∈C (y), i.e.,
{xn} ⇀ p. The desired conclusion is obtained. 
It is well known that one of the fundamental and celebrated results in the theory of
nonexpansive mappings is Browder’s demiclosed principle [] which states that if X is a
uniformly convexBanach space,C is a nonempty closed convex subset ofX, andT : C → X
is a nonexpansive mapping, then I – T is demiclosed at , i.e., for any sequence {xn} in C
if xn → x weakly and ‖(I – T)xn‖ → , then x = Tx.
Later, Xu [] and Chang et al. [] proved the demiclosed principle for asymptotically
nonexpansive mappings in a uniformly convex Banach space. In , Chidume et al.
[] proved the demiclosed principle for asymptotically nonexpansive nonself mappings
in uniformly convex Banach spaces.
In this section, by using the convergence ‘⇀’ deﬁned by (.), we prove the demiclosed
principle for total asymptotically nonexpansive nonself mappings in CAT() spaces, which
extends the results of Xu [], Chang et al. [] and Chidume et al. [] to CAT() spaces.
Theorem . (Demiclosed principle for total asymptotically nonexpansive nonself map-
pings in CAT() spaces) Let C be a nonempty closed and convex subset of a complete
CAT() space X, and let T : C → X be a uniformly L-Lipschitzian and ({μn}, {νn}, ζ )-total
asymptotically nonexpansive nonself mapping. Let {xn} be a bounded sequence in C such
that {xn} ⇀ p deﬁned by (.) and limn→∞ d(xn,Txn) = . Then Tp = p.
Proof By the deﬁnition and Proposition ., {xn} ⇀ p if and only if AC({xn}) = {p}. By
Lemma ., we have A({xn}) = {p}.
Since limn→∞ d(xn,Txn) = , by induction we can prove that
lim
n→∞d
(
xn,T(PT)m–xn
)
=  for eachm≥ . (.)
In fact, it is obvious that the conclusion is true form = . Suppose the conclusion holds for
m≥ , now we prove that the conclusion is also true form + .
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Indeed, since xn ∈ C, we have xn = Pxn. In addition, since T is uniformly L-Lipschitzian,
we have
d
(
xn,T(PT)mxn
)≤ d(xn,T(PT)m–xn) + d(T(PT)m–xn,T(PT)mxn)
≤ d(xn,T(PT)m–xn) + Ld(xn,PTxn)
= d
(
xn,T(PT)m–xn
)
+ Ld(Pxn,PTxn)
≤ d(xn,T(PT)m–xn) + Ld(xn,Txn)→  (as n→ ∞).
Equation (.) is proved. Hence for each x ∈ X andm≥ , we have
(x) := lim sup
n→∞
d(xn,x) = lim sup
n→∞
d
(
T(PT)m–(xn),x
)
. (.)
In (.), taking x = T(PT)m–p,m≥ , we have

(
T(PT)m–p
)
= lim sup
n→∞
d
(
T(PT)m–xn,T(PT)m–p
)
≤ lim sup
n→∞
{
d(xn,p) + νmζ
(
d(xn,p)
)
+μm
}
.
Letting m→ ∞ and taking superior limit on both sides, we get that
lim sup
m→∞

(
T(PT)m–p
)≤ (p). (.)
Furthermore, for any n,m≥ , it follows from inequality (.) with t =  that
d
(
xn,
p⊕ T(PT)m–(p)

)
≤ d
(xn,p) +

d
(xn,T(PT)m–(p)) – d
(
p,T(PT)m–(p)
)
. (.)
Letting n → ∞ and taking superior limit on both sides of the above inequality, for any
m≥ , we get

(p⊕ T(PT)m–(p)

)
≤ (p)
 + 
(
T(PT)m–(p)
) – d
(
p,T(PT)m–(p)
)
. (.)
Since A({xn}) = {p}, for anym≥ , we have
(p) ≤ 
(p⊕ T(PT)m–(p)

)
≤ (p)
 + 
(
T(PT)m–(p)
) – d
(
p,T(PT)m–(p)
)
. (.)
This implies that
d
(
p,T(PT)m–(p)
)≤ (T(PT)m–(p)) – (p). (.)
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From (.) and (.), we have limm→∞ d(p,T(PT)m–p) = . Hence we have
d(Tp,p)≤ d(Tp,T(PT)mp) + d(T(PT)mp,p)
≤ Ld(p, (PT)mp) + d(T(PT)mp,p)
= Ld
(
Pp, (PT)(PT)m–p
)
+ d
(
T(PT)mp,p
)
≤ Ld(p,T(PT)m–p) + d(T(PT)mp,p)→  (asm→ ∞),
i.e., p = Tp as desired. 
The following theorem can be obtained from Theorem . immediately which is a gen-
eralization of Kirk et al. [, Proposition .], Xu [], Chang et al. [] and Chidume et al.
[, Theorem .].
Theorem . Let C be a closed and convex subset of a complete CAT() space X. Let T be
a mapping satisfying one of the following conditions:
() T : C → C is an asymptotically nonexpansive mapping with a sequence
{kn} ⊂ [,∞), kn → ;
() T : C → X is an asymptotically nonexpansive nonself mapping with a sequence
{kn} ⊂ [,∞), kn → ;
() T : C → C is a ({νn}, {μn}, ζ )-total asymptotically nonexpansive mapping.
Let {xn} be a bounded sequence in C such that limn→∞ d(xn,Txn) =  and– limn→∞ xn =
p. Then Tp = p.
3 -convergence theorems for total asymptotically nonexpansive mappings
in CAT(0) spaces
In this section we prove some -convergence theorems for themixed Agarwal-O’Regan-
Sahu type iterative scheme []
⎧⎪⎪⎨
⎪⎪⎩
x ∈ C,
xn+ = P(( – αn)Sn xn ⊕ αnT(PT)n–yn),
yn = P(( – βn)Snxn ⊕ βnT(PT)n–xn),
n≥ , (.)
where C is a nonempty bounded closed and convex subset of a complete CAT() space
X, P is a nonexpansive retraction of X onto C, Ti : C → X, i = , , is a uniformly
Li-Lipschitzian and ({ν(i)n }, {μ(i)n }, ζ (i))-total asymptotically nonexpansive nonself map-
ping (deﬁned by (.)), and Si : C → C, i = , , is a uniformly L˜i-Lipschitzian and
({ν˜(i)n }, {μ˜(i)n }, ζ˜ (i)) total asymptotically nonexpansive mapping (deﬁned by (.)) such that
the following conditions are satisﬁed:
()
∑∞
n= ν
(i)
n <∞,∑∞n= μ(i)n <∞,∑∞n= ν˜(i)n <∞,∑∞n= μ˜(i)n <∞, i = , ;
() There exists a constantM∗ >  such that ζ (i)(r)≤M∗r, ζ˜ (i)(r)≤M∗r, ∀r ≥ , i = , .
Remark . Without loss of generality, in the sequel, we can assume that Si : C → C and
Ti : C → X, i = , , both are uniformly L-Lipschitzian and ({νn}, {μn}, ζ )-total asymp-
totically nonexpansive mappings satisfying the conditions () and (). In fact, letting
νn = max{ν(i)n , ν˜(i)n , i = , }, μn = max{μ(i)n , μ˜(i)n , i = , }, L = max{Li, L˜i, i = , } and ζ =
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max{ζ (i), ζ˜ (i), i = , }, then Si : C → C and Ti : C → X, i = , , are the mappings satisfy-
ing the required conditions.
The following lemmas will be used to prove our main results.
Lemma . (Chang et al. []) Let X be a CAT() space, x ∈ X be a given point and {tn} be
a sequence in [b, c] with b, c ∈ (, ) and  < b( – c)≤  . Let {xn} and {yn} be any sequences
in X such that
lim sup
n→∞
d(xn,x)≤ r, lim sup
n→∞
d(yn,x)≤ r and
lim
n→∞d
(
( – tn)xn ⊕ tnyn,x
)
= r,
for some r ≥ . Then
lim
n→∞d(xn, yn) = . (.)
Lemma . Let {an}, {λn} and {cn} be the sequences of nonnegative numbers such that
an+ ≤ ( + λn)an + cn, ∀n≥ .
If
∑∞
n= λn < ∞ and
∑∞
n= cn < ∞, then limn→∞ an exists. If there exists a subsequence
{ani} ⊂ {an} such that ani → , then limn→∞ an = .
Lemma . [] Let X be a complete CAT() space, {xn} be a bounded sequence in X
with A({xn}) = {p}, and {un} be a subsequence of {xn} with A({un}) = {u} and the sequence
{d(xn,u)} converges, then p = u.
Now we are in a position to give the main results of this paper.
Theorem . Let C be a bounded closed and convex subset of a complete CAT() X. Let
Ti : C → X, i = , , be a uniformly L-Lipschitzian and ({νn}, {μn}, ζ )-total asymptotically
nonexpansive nonself mapping, and let Si : C → C, i = , , be a uniformly L-Lipschitzian
and ({νn}, {μn}, ζ )-total asymptotically nonexpansive mapping. IfF :=⋂i= F(Ti)∩F(Si) =
∅ and the following conditions are satisﬁed:
(i)
∑∞
n= νn <∞;
∑∞
n= μn <∞;
(ii) there exist constants a,b ∈ (, ) with  < b( – c)≤  such that {αn} ⊂ [a,b];
(iii) there exists a constant M∗ >  such that ζ (r)≤M∗r, r ≥ ;
(iv) d(x,Tiy)≤ d(Six,Tiy) for all x, y ∈ C and i = , ,
then the sequence {xn} deﬁned by (.) -converges to some point p∗ ∈ F (a common ﬁxed
point of Ti and Si, i = , ).
Proof (I) First we prove that the following limits exist
lim
n→∞d(xn,p) for each p ∈ F and limn→∞d(xn,F ). (.)
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In fact, since p ∈ F , p = Pp. In addition, since Si and Ti, i = , , are total asymptotically
nonexpansive mappings, by the condition (iii), we have
d(yn,p) = d
(
P
(
( – βn)Snxn ⊕ βnT(PT)n–xn
)
,Pp
)
≤ d(( – βn)Snxn ⊕ βnT(PT)n–xn,p)
≤ ( – βn)d
(
Snxn,p
)
+ βnd
(
T(PT)n–xn,p
)
= ( – βn)
{
d(xn,p) + νnζ
(
d(xn,p)
)
+μn
}
+ βn
{
d(xn,p) + νnζ
(
d(xn,p)
)
+μn
}
= d(xn,p) + νnζ
(
d(xn,p)
)
+μn
≤ ( + νnM∗)d(xn,p) +μn (.)
and
d(xn+,p) = d
(
P
(
( – αn)Sn xn ⊕ αnT(PT)n–yn
)
,Pp
)
≤ d(( – αn)Sn xn ⊕ αnT(PT)n–yn,p)
≤ ( – αn)d
(
Sn xn,p
)
+ αnd
(
T(PT)n–yn,p
)
= ( – αn)
{
d(xn,p) + νnζ
(
d(xn,p)
)
+μn
}
+ αn
{
d(yn,p) + νnζ
(
d(yn,p)
)
+μn
}
≤ ( – αn)
{(
 + νnM∗
)
d(xn,p) +μn
}
+ αn
{(
 + νnM∗
)
d(yn,p) +μn
}
. (.)
Substituting (.) into (.) and simplifying it, we have
d(xn+,p)≤ ( + σn)d(xn,p) + ξn, ∀n≥  and p ∈ F , (.)
and so
d(xn+,F )≤ ( + σn)d(xn,F ) + ξn, ∀n≥ , (.)
where σn = νnM∗(+αn(+νnM∗)), ξn = (+αn(+νnM∗))μn. By virtue of the condition (i),
∞∑
n=
σn <∞ and
∞∑
n=
ξn <∞. (.)
By Lemma . the limits limn→∞ d(xn,F ) and limn→∞ d(xn,p) exist for each p ∈ F .
(II) Next we prove that
lim
n→∞d(xn,Tixn) = , limn→∞d(xn,Sixn) = , i = , . (.)
In fact, it follows from (.) that for each given p ∈ F , limn→∞ d(xn,p) exists. Without
loss of generality, we can assume that
lim
n→∞d(xn,p) = r ≥ . (.)
From (.) we have
lim inf
n→∞ d(yn,p)≤ lim supn→∞ d(yn,p)≤ limn→∞
{(
 + νnM∗
)
d(xn,p) +μn
}
= r. (.)
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Since
d
(
T(PT)n–yn,p
)
= d
(
T(PT)n–yn,T(PT)n–p
)≤ d(yn,p) + νnζ (d(yn,p)) +μn
≤ ( + νnM∗)d(yn,p) +μn, ∀n≥ ,
and
d
(
Sn xn,p
)≤ d(xn,p) + νnζ (d(xn,p)) +μn ≤ ( + νnM∗)d(xn,p) +μn, ∀n≥ ,
then we have
lim sup
n→∞
d
(
T(PT)n–yn,p
)≤ r (.)
and
lim sup
n→∞
d
(
Sn xn,p
)≤ r. (.)
In addition, it follows from (.) that
d(xn+,p)≤ d
(
( – αn)Sn xn ⊕ αnT(PT)n–yn,p
)≤ ( + σn)d(xn,p) + ξn.
This implies that
lim
n→∞d
(
( – αn)Sn xn ⊕ αnT(PT)n–yn,p
)
= r. (.)
From (.)-(.) and Lemma ., one gets that
lim
n→∞d
(
Sn xn,T(PT)n–yn
)
= . (.)
By the same method, we can also prove that
lim
n→∞d
(
Snxn,T(PT)n–xn
)
= . (.)
By virtue of the condition (iv), it follows from (.) and (.) that
lim
n→∞d
(
xn,T(PT)n–yn
)≤ lim
n→∞d
(
Sn xn,T(PT)n–yn
)
=  (.)
and
lim
n→∞d
(
xn,T(PT)n–xn
)≤ lim
n→∞d
(
Snxn,T(PT)n–xn
)
= . (.)
Since Snxn ∈ C, Snxn = PSnxn. By (.) and (.) we have
d
(
yn,Snxn
)≤ d(( – βn)Snxn ⊕ βnT(PT)n–xn,Snxn)
≤ βnd
(
T(PT)n–xn,Snxn
)→  (as n→ ∞). (.)
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Observe that
d(xn, yn)≤ d
(
xn,T(PT)n–xn
)
+ d
(
T(PT)n–xn,Snxn
)
+ d
(
Snxn, yn
)
.
From (.) and (.) we get
lim
n→∞d(xn, yn) = . (.)
This together with (.) implies that
d
(
xn,T(PT)n–xn
)≤ d(xn,T(PT)n–yn) + d(T(PT)n–yn,T(PT)n–xn)
= d
(
xn,T(PT)n–yn
)
+ d(xn, yn) + νnζ
(
d(xn, yn)
)
+μn
≤ d(xn,T(PT)n–yn) + ( + νnM∗)d(xn, yn) +μn → . (.)
On the other hand, by the condition (iv), d(xn,T(PT)n–xn) ≤ d(Sn xn,T(PT)n–xn).
Hence from (.) and (.), we have
d
(
Sn xn,T(PT)n–xn
)
≤ d(Sn xn,T(PT)n–yn) + d(T(PT)n–yn,T(PT)n–xn)
≤ d(Sn xn,T(PT)n–yn) + Ld(yn,xn)→  (as n→ ∞). (.)
By the condition (iv), d(xn,T(PT)n–xn) ≤ d(Sn xn,T(PT)n–xn). Hence from (.) we
have that
d
(
Sn xn,xn
)≤ d(Sn xn,T(PT)n–xn) + d(T(PT)n–xn,xn)→  (as n→ ∞).
This together with (.) shows that
d(xn+,xn)≤ d
(
( – αn)Sn xn ⊕ αnT(PT)n–yn,xn
)
≤ ( – αn)d
(
Sn xn,xn
)
+ αnd
(
T(PT)n–yn,xn
)→ 
(as n→ ∞). (.)
Hence from (.), (.) and (.), for each i = , , we have
d(xn,Tixn) ≤ d(xn,xn+) + d
(
xn+,Ti(PTi)nxn+
)
+ d
(
Ti(PTi)nxn+,Ti(PTi)nxn
)
+ d
(
Ti(PTi)nxn,Tixn
)
≤ ( + L)d(xn,xn+) + d
(
xn+,Ti(PTi)nxn+
)
+ Ld
(
(PTi)nxn,xn
)
= ( + L)d(xn,xn+) + d
(
xn+,Ti(PTi)nxn+
)
+ Ld
(
PTi(PTi)n–xn,Pxn
)
≤ ( + L)d(xn,xn+) + d
(
xn+,Ti(PTi)nxn+
)
+ Ld
(
Ti(PTi)n–xn,xn
)→ . (.)
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By virtue of the condition (iv), d(Sixn,Ti(PTi)n–xn)≤ d(Sni xn,Ti(PTi)n–xn). It follows from
(.), (.) and (.) that
d(xn,Sixn)≤ d
(
xn,Ti(PTi)n–xn
)
+ d
(
Sixn,Ti(PTi)n–xn
)
≤ d(xn,Ti(PTi)n–xn) + d(Sni xn,Ti(PTi)n–xn)→  (as n→ ∞). (.)
Equation (.) is proved.
(III) Now we prove that
ωw(xn) :=
⋃
{un}⊂{xn}
A
({un})⊂ F (.)
and ωw(xn) consists of exactly one point.
In fact, let u ∈ ωw(xn), then there exists a subsequence {un} of {xn} such that A({un}) =
{u}. By Lemma., there exists a subsequence {vn} of {un} such that – limn→∞ vn = v ∈ C.
In view of (.), limn→∞ d(vn,Tivn) = , limn→∞ d(vn,Sivn) = , i = , . It follows fromThe-
orem . that v ∈ F . So, by (.), the limit limn→∞ d(xn, v) exists. By Lemma . u = v. This
implies that ωw(xn)⊂ F .
Next we prove that ωw(xn) consists of exactly one point. Let {un} be a subsequence of
{xn} with A({un}) = {u} and let A({xn}) = {x}. Since u ∈ ωw(xn) ⊂ F , from (.) the limit
limn→∞ d(xn,u) exists. In view of Lemma ., x = u. The conclusion is proved.
(IV) Finally we prove {xn} -converges to a point in F .
In fact, it follows from (.) that {d(xn,p)} is convergent for each p ∈ F . By (.) and
(.), limn→∞ d(xn,Sixn) = , limn→∞ d(xn,Tixn) = , ωw(xn) ⊂ F and ωw(xn) consists of
exactly one point. This shows that {xn} -converges to a point of F .
The conclusion of Theorem . is proved. 
Remark . () Nowwe give an examplewhich satisﬁes the condition (iv) in Theorem..
Let C = [–, ] be a subset in R. Deﬁne two mappings S = S = S,T = T = T : C → C
by
T(x) =
⎧⎨
⎩
– sin x , if x ∈ [, ],
 sin x , if x ∈ [–, ),
and
S(x) =
⎧⎨
⎩
x, if x ∈ [, ],
–x, if x ∈ [–, ).
It is proved in Guo [] that both S and T are asymptotically nonexpansive mappings
(therefore they are total asymptotically nonexpansive mappings) with F(T)∩F(S) = ∅ and
satisfy the condition (iv).
() Theorem . contains the main results of Sahin [], Khan Abbas [], Khan et al.
[] and Chang et al. [] as its special cases. Theorem . also extends the main result of
Guo et al. [] from a Banach space to a CAT() space.
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The following results can be obtained from Theorem . immediately.
Theorem . Let C, X and Ti : C → X, i = ,  be the same as in Theorem .. If F :=⋂
i= F(Ti) = ∅ and the following conditions are satisﬁed:
(i)
∑∞
n= νn <∞;
∑∞
n= μn <∞;
(ii) there exist constants a,b ∈ (, ) with  < b( – c)≤  such that {αn} ⊂ [a,b].
(iii) there exists a constant M∗ >  such that ζ (r)≤M∗r, r ≥ ;
then the sequence {xn} deﬁned by
⎧⎪⎪⎨
⎪⎪⎩
x ∈ C,
xn+ = P(( – αn)xn ⊕ αnT(PT)n–yn),
yn = P(( – βn)xn ⊕ βnT(PT)n–xn),
n≥ , (.)
-converges to a common ﬁxed point of T and T.
Proof Take Si = I (the identity mapping on C) in Theorem . and note that in this case
the condition (iv) in Theorem . is satisﬁed automatically. Hence the conclusion of The-
orem . can be obtained from Theorem . immediately. 
Theorem . Let C and X be the same as in Theorem .. Let Ti : C → C and Si : C → C,
i = , , be uniformly L-Lipschitzian and ({νn}, {μn}, ζ )-total asymptotically nonexpansive
mappings. If F :=
⋂
i= F(Ti) ∩ F(Si) = ∅ and the (i)-(iv) in Theorem . are satisﬁed, then
the sequence {xn} deﬁned by
⎧⎪⎪⎨
⎪⎪⎩
x ∈ C,
xn+ = ( – αn)Sn xn ⊕ αnTn yn,
yn = ( – βn)Snxn ⊕ βnTn xn,
n≥ , (.)
-converges to a common ﬁxed point of Ti and Si, i = , .
Proof Since Ti, i = , , is a self-mapping from C to C, take P = I (the identity mapping
onC), thenTi(PTi)n– = Tni . The conclusion of Theorem. is obtained fromTheorem..

Remark . Theorem. improves and extends themain results of AgawalO’Regan Sahu
[] from a Banach space to a CAT() space. As well as it also extends and improves the
main results in Sahin [].
4 Strong convergence theorems for total asymptotically nonexpansive
mappings in CAT(0) spaces
Recall that a mapping T : C → X is said to be demi-compact if for any sequence {xn} in
C such that d(xn,Txn) →  (as n → ∞), there exists a subsequence {xni} ⊂ {xn} such that
{xni} converges strongly (i.e., in metric topology) to some point x∗ ∈ C.
Theorem . Under the assumptions of Theorem ., if one of S, S, T and T is demi-
compact, then the sequence deﬁned by (.) converges strongly (i.e., in metric topology) to a
common ﬁxed point p ∈ F .
Chang et al. Fixed Point Theory and Applications 2013, 2013:122 Page 14 of 16
http://www.ﬁxedpointtheoryandapplications.com/content/2013/1/122
Proof By virtue of (.): limn→∞ d(xn,Tixn) = , limn→∞ d(xn,Sixn) = , i = ,  and one of
S, S, T and T is demi-compact, there exists a subsequence {xni} ⊂ {xn} such that {xni}
converges strongly to some point p ∈ C. Moreover, by the continuity of S, S, T and T,
for each i = , , we have
d(p,Sip) = limn→∞d(xni ,Sixni ) = ,
d(p,Tip) = limn→∞d(xni ,Tixni ) = .
This implies that p ∈ F . Again by (.) the limit limn→∞ d(xn,p) exists. Hence we have
limn→∞ d(xn,p) = . This completes the proof of Theorem .. 
Theorem . Under the assumptions of Theorem ., if there exists a nondecreasing func-
tion f : [,∞)→ [,∞) with f () = , f (r) > , ∀r >  such that
f
(
d(x,F )
)≤ d(x,Sx) + d(x,Sx) + d(x,Tx) + d(x,Tx), ∀x ∈ C, (.)
then the sequence {xn} deﬁned by (.) converges strongly (i.e., in metric topology) to a com-
mon ﬁxed point p∗ ∈ F .
Proof It follows from (.) that
lim
n→∞d(xn,Tixn) = , limn→∞d(xn,Sixn) = , i = , .
Therefore we have limn→∞ f (d(xn,F )) = . Since f is a nondecreasing function with
f () =  and f (r) > , r > , we have limn→∞ d(xn,F ) = . Next we prove that {xn} is a
Cauchy sequence in C. In fact, it follows from (.) that for any p ∈ F
d(xn+,p)≤ ( + σn)d(xn,p) + ξn, ∀n≥ ,
where
∑∞
n= σn <∞ and
∑∞
n= ξn <∞. Hence for any positive integers n,m, we have
d(xn+m,xn)≤ d(xn+m,p) + d(xn,p)
≤ ( + σn+m–)d(xn+m–,p) + ξn+m– + d(xn,p).
Since for each x≥ ,  + x≤ ex, we have
d(xn+m,xn) ≤ eσn+m–d(xn+m–,p) + ξn+m– + d(xn,p)
≤ eσn+m–+σn+m–d(xn+m–,p) + eσn+m–ξn+m– + ξn+m– + d(xn,p)
≤ · · ·
≤ e
∑n+m–
i=n σid(xn,p) + e
∑n+m–
i=n+ σiξn + e
∑n+m–
i=n+ σiξn+ + · · ·
+ eσn+m–ξn+m– + ξn+m– + d(xn,p)
≤ ( +M)d(xn,p) +M
n+m–∑
i=n
ξi,
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whereM = e
∑∞
i=σi <∞. By (.) limn→∞ d(xn,F ) = . Therefore we have
d(xn+m,xn)≤ ( +M)d(xn,F ) +M
n+m–∑
i=n
ξi →  (as n,m→ ∞).
This shows that {xn} is a Cauchy sequence in C. Since C is a closed subset in a complete
CAT() space X, it is complete. Without loss of generality, we can assume that {xn} con-
verges strongly (i.e., in metric topology in X) to some point p∗ ∈ C. It is easy to prove that
F(Ti) and F(Si), i = ,  are closed subsets in C, so isF . Since limn→∞ d(xn,F ) = , p∗ ∈ F .
This completes the proof of Theorem .. 
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